MULTINETS, PARALLEL CONNECTIONS, AND MILNOR 
FIBRATIONS OF ARRANGEMENTS 



GRAHAM DENHAM 1 AND ALEXANDER I. SUCIU 2 

Abstract. The characteristic varieties of a space are the jump loci for homology 
Q f of rank 1 local systems. The way in which the geometry of these varieties may vary 

D ■ with the characteristic of the ground field is reflected in the homology of finite cyclic 

^0 ' covers. We exploit this phenomenon to detect torsion in the homology of Milnor 

fibers of projective hypersurfaces. One tool we use is the interpretation of the 
degree 1 characteristic varieties of a hyperplane arrangement complement in terms 
of orbifold fibrations and multinets on the corresponding matroid. Another tool is 
a polarization construction, based on the parallel connection operad for matroids. 
Our main result gives a combinatorial machine for producing arrangements whose 
Milnor fibers have torsion in homology. 
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1. Introduction 

1.1. The Milnor fibration. A classical construction, due to Milnor [Mi68], associates 
to every homogeneous polynomial / 6 C[zi,... ,zg] a fiber bundle, with base space 
C* = C \ {0}, total space the complement in C e to the hypersurface defined by /, and 
projection map /: C e \ / _1 (0) -> C*. 
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The Milnor fiber F = has the homotopy type of a finite, ^-dimensional CW- 

complex, while the monodromy of the fibration, h: F — > F, is given by h(z) = e 2m / n z. 
If / has an isolated singularity at the origin, then F is homotopic to a bouquet of l- 
spheres, whose number can be determined by algebraic means. In general, though, it 
is a rather hard problem to compute the homology groups of the Milnor fiber, even in 
the case when / completely factors into distinct linear forms, so that the hypersurface 
{/ = 0} is a hyperplane arrangement. 

Building on our previous work with D. Cohen [CDS03], we show there exist pro- 
jective hypersurfaces (indeed, hyperplane arrangements) whose complements have 
torsion- free homology, but whose Milnor fibers have torsion in homology. Our main 
result can be summarized as follows. 

Theorem 1.1. For every 'prime p > 2, there is a hyperplane arrangement whose 
Milnor fiber has non-trivial p-torsion in homology. 

This resolves a problem posed by Randell [Rail, Problem 7], who conjectured that 
Milnor fibers of hyperplane arrangements have torsion-free homology. Our examples 
also give a refined answer to the question posed by Dimca and Nemethi [DN04, Ques- 
tion 3.10]: torsion is possible even if the hypersurface is defined by a reduced equation. 

Additionally, our result shows that Milnor fibers of hyperplane arrangements do not 
necessarily have a minimal cell structure. Again, this stands in marked contrast with 
arrangement complements, which all admit perfect Morse functions. 

Our method also allows us to compute the homomorphism induced in homology by 
the monodromy of the Milnor fibration, with coefficients in a field of characteristic not 
dividing the order of the monodromy. For some related recent work in this direction, 
we refer to [BDS11, LilO, Willb]. 

A much-studied question in the subject is whether the Betti numbers of the Milnor 
fiber of an arrangement A are determined by the intersection lattice, L{A). While we 
do not address this question directly here, our result raises a related, and arguably 
even subtler question. 

Question 1.2. Is the torsion in the homology of the Milnor fiber of a hyperplane 
arrangement combinatorially determined? 

As a preliminary question, one may also ask: can one predict the existence of torsion 
in the homology of the Milnor fiber F(A) simply by looking at L{A)1 As it turns out, 
under fairly general assumptions, the answer is yes: if L(A) satisfies certain very 
precise conditions, then automatically H*(F(A),Z) will have non-zero torsion, in a 
combinatorially determined degree. 

1.2. Outline of the proof. Let A be a (central) arrangement of n hyperplanes in 
defined by a polynomial Q(A) = Y\n ej x /ff, where each fjj is a linear form whose kernel 
is H. The starting point of our study is the well-known observation that the Milnor 
fiber of the arrangement, F(A), is a cyclic, ra-fold regular cover of the projectivized 
complement, U(A); this cover is defined by the homomorphism 6'. 7Ti(t/(^4.)) — » 
taking each meridian generator xh to 1. 
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Now, if k is an algebraically closed field whose characteristic does not divide n, then 
H q (F(A), k) decomposes as a direct sum, ® p H q (U(A), k p ), where the rank 1 local 
systems k p are indexed by characters p: iri(U(A)) — > k* that factor through 5. Thus, 
if there is such a character in characteristic p \ n, but no corresponding character in 
characteristic 0, the group H q (F(A),Z) will have non-trivial p-torsion. 

To find such characters, we proceed in several steps. First, we cast a wider net, and 
look at multi-arrangements, that is, pairs (A,m), with positive integer weights mu 
attached to each hyperplane H € A. The corresponding (unreduced) Milnor fiber, 
F(A, m), is the cover defined by the homomorphism 5 m : iri(U(A)) -» Zjv, xh >->• mH, 
where N denotes the sum of the weights. Fix a prime p. Starting with an arrangement 
A supporting a suitable multinet structure, we find a deletion A' = A \ {H}, and a 
choice of multiplicities m' on A' such that H\(F(A' ,m'),Z) has p-torsion. Finally, 
we construct a "polarized" arrangement, B = A' \\ m! , and show that -ff*(F(£>), Z) has 
p-torsion. 

1.3. Characteristic varieties. Let us now provide a bit more detail on the structure 
of the paper, and the ingredients that go into the proof of the main theorem. We start 
in Sections 2 and 3 with a general study of the jump loci for homology in rank 1 
local systems. The geometry of these varieties, and the way it changes with the 
characteristic of the ground field affects the homology of finite cyclic covers. 

Let X be a connected, finite-type CW-complex, with fundamental group G = 
tti(X,xo). The characteristic varieties of X are the subvarieties V^(X, k) of the char- 
acter group G = Hom(G,k*), consisting of those characters p for which H q (X, k p ) has 
dimension at least d. (For simplicity, we drop the subscript if d = 1.) 

As is well-known, the characteristic varieties control to a large extent the homology 
of finite abelian covers. More precisely, if X x — > X is a regular cover defined by an 
epimorphism \ '- G —> A, where A is a finite abelian group, and if k is an algebraically 
closed field of characteristic p, where p j \A\, then H q (X x ,h) has dimension equal 
to ^2 d> i \im(xk) H Vj(X, k)|, where Xk- A — > G is the induced morphism between 
character groups. 

Theorem 1.3. Let X x — » X be a regular, finite cyclic cover, defined by an epimor- 
phism x - ni(X) -» Z r . Suppose that im(xc) 2 "^ 9 (^>C!) ; but im(xk) Q V q (X, k), for 
some field k of characteristic p not dividing r. Then H q (X x , Z) has non-zero p-torsion. 

Furthermore, if h : X x — > X x is the monodromy of the cover, then the characteristic 
polynomial of the algebraic monodromy acting on H q (X x ,k) can be written down 
explicitly in terms of the intersection inside G of the varieties (X, k) with the cyclic 
subgroup im(xk)- 

In order to apply Theorem 1.3 in full generality, one needs to know both the char- 
acteristic varieties over C and over k, and exploit the qualitative differences between 
the two. In a special situation (which will occur often in our approach), we only need 
to verify that a certain condition on the first characteristic variety over C holds, in 
which case we can construct infinitely such covers, starting from a suitable character. 
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Theorem 1.4. Suppose there is a character which factors as tti(X) -» Z * Z p — » 7L — > 
C* ; for some prime p, but does not belong to V 1 (X, C). Then, for all sufficiently large 
integers r not divisible by p, there exists a regular, r-fold cyclic cover Y — > X such 
that Hi(Y,Z) has non-zero p-torsion. 

1.4. Quasi-projective varieties and orbifold fibrations. Now suppose X is a 
smooth, quasi-projective variety. Although almost nothing is known about the char- 
acteristic varieties of X in positive characteristic, the varieties V q (X, C) are fairly well 
understood, at least qualitatively. For instance, work of Arapura [Ar97], as further re- 
fined in [Di07, ACM10] shows that V 1 (X, C) is a union of torsion-translated algebraic 
subtori inside Hom(7Ti(X), C*). 

More precisely, each positive-dimensional component of V 1 (X, C) is obtained by 
pullback along an orbifold fibration /: X — > (X,p), where £ is a (possibly punctured) 
Riemann surface with integer weights fii > 2 attached to a set of marked points of 
finite size \fi\. We say that the orbifold (S, //) is small if either S = S 1 x S 1 and > 2, 
or E = C* and \fi\ > 1. Using Theorem 1.4, we prove in Section 4 the following result. 

Theorem 1.5. Let X be a smooth, quasi-projective variety. Suppose there is a small 
orbifold fibration f : X — > and a prime p dividing each Hi. Then, for all suf- 

ficiently large integers r not divisible by p, there exists a regular, r-fold cyclic cover 
Y — > X such that Hi(Y,Z) has non-zero p-torsion. 

For instance, if M is the Catanese-Ciliberto-Mendes Lopes surface from [( CM98], 
then M admits an elliptic pencil with two multiple fibers, each of multiplicity 2. Thus, 
for each odd integer r > 1, the surface M admits a cyclic r-fold cover with 2-torsion 
in first homology. 

1.5. Multinets. In Sections 5 and 6, we consider in detail the case when X = M{A) 
is the complement of a hyperplane arrangement. As shown by Falk and Yuzvinsky in 

7], large orbifold fibrations supported by M(A) correspond to multinets on L(A). 
Each such multinet consists of a partition of A into at least 3 subsets Ai, ■ ■ ■ , Ak, to- 
gether with an assignment of multiplicities, m : A — > N, and a set of rank 2 flats, called 
the base locus, such that any two hyperplanes from different parts of the partition in- 
tersect in the base locus, and several technical conditions are satisfied: for instance, 
the sum of the multiplicities over each part Ai is constant, and for each flat Z in the 
base locus, the sum nz := J2neAi - H<z m H ls independent of i. 

For our purposes, it will be convenient to isolate a special class of multinets: a 
pointed multinet on A is a multinet structure, together with a distinguished hyperplane 
H for which ran > 1, and run \ nz for each flat Z > H in the base locus. Given such a 
pointed multinet, we show that the complement of the deletion A' := A\{H} supports 
a small pencil. Consequently, for any prime p dividing mu, and any sufficiently large 
integer r not divisible by p, there exists a regular, r-fold cyclic cover Y — >■ U(A') such 
that Hi(Y,Z) hasp-torsion. 

On the other hand, we also show that any finite cyclic cover of an arrangement 
complement is dominated by a Milnor fiber corresponding to a suitable choice of 
multiplicities. Putting things together, we obtain the following result. 
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Theorem 1.6. Suppose A admits a pointed multinet, with distinguished hyperplane 
H and multiplicity m. Let p be a prime dividing mu- There is then a choice of 
multiplicities m' on the deletion A' = A \ {H} such that H\{F(A', m'), Z) has non- 
zero p-torsion. 

For instance, if A is the reflection arrangement of type B3, defined by the polynomial 
Q = xyz{x 2 — y 2 )(x 2 — z 2 )(y 2 — z 2 ), then A satisfies the conditions of the theorem, 
for m = (2,2,2,1,1,1,1,1,1) and H = {z = 0}. Choosing then multiplicities m' = 
(2, 1, 3, 3, 2, 2, 1, 1) on A' shows that Hi(F(A' , m'), Z) has non-zero 2-torsion. 

More generally, the reflection arrangement of the full monomial complex reflection 
group, A(p, 1,3), admits a pointed multinet, for each prime p. Thus, we can detect 
p-torsion in the first homology of the Milnor fiber of a suitable multiarrangement on 
the deletion. These results recover computations from [CDS03] and recast them in a 
more general framework. 

1.6. Parallel connections and polarizations. In Sections 7 and 8, we develop 
the theory of parallel connections of matroids and arrangements in a more general, 
operadic setting. We note that the parallel connection construction can be interpreted 
as a pseudo-operad composition map (in the sense of [MS! ]): Figure 4 may give 
the reader some intuition. As shown by Falk and Proudfoot [FP02], the complement 
of a parallel connection of two arrangements is diffeomorphic to a product of the 
respective complements. However, the diffeomorphism induces a nontrivial map on 
the abelianized fundamental groups, hence on the parameter spaces for the homology 
jump loci. The maps themselves also form a symmetric operad, and we use this 
observation as an organizational device in examining the effect of iterated parallel 
connections. 

In particular, given an arrangement A = {Hi, . . . , H n } with multiplicity vector m, 
we define the polarization A \ \ m to be the iterated parallel connection of the form 
Aoft x V mH °h 2 ' ' ' °H„ T~ > m Hn i where Vk denotes a pencil of k lines in C 2 , and 
denotes a parallel connection that attaches a hyperplane of Vk to the hyperplane 
H of A. Figure 5 shows an example. The construction allows us to construct new 
arrangements with slightly customized characteristic varieties. 

A crucial point here is the connection between the Milnor fiber of the (simple) 
arrangement A \ \ m and the Milnor fiber of the multi-arrangement (^4, m): the pullback 
of the cover -F(-4 || m) — > U(A \ \ m) along the canonical inclusion U(A) — > ^(^4(1 m) is 
equivalent to the cover F(A,m) — >• U(A). Unlike F(A,m), the manifold F(A \\ m) is 
the Milnor fiber of a reduced hypersurface. Using this fact, we prove the following. 

Theorem 1.7. Suppose A admits a pointed multinet, with distinguished hyperplane 
H and multiplicity m. Let p be a prime dividing mu- There is then a choice of 
multiplicities m' on the deletion A! = A \ {Fl} such that the Milnor fiber of the 
polarization B = A 1 1| m' has p-torsion in homology, in degree 1 + \{K € A' : m' K > 3}|. 

The sufficient condition that the arrangement A must satisfy in order to yield a 
new arrangement B with torsion in H*(F(B),Z) is completely combinatorial: if L(A) 
admits a certain kind of multinet, then everything else is predicted by that. 
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For instance, if A! is the deleted B3 arrangement as above, then the choice of 
multiplicities m! = (8,1,3,3,5,5,1,1) produces an arrangement B = A! || m! of 27 
hyperplanes in C 8 , such that Hq(F(B),Z) has 2-torsion of rank 108. 

2. Characteristic varieties and finite abelian covers 

We start by reviewing the way in which the characteristic varieties of a space de- 
termine the homology of its regular, finite abelian covers, with coefficients in a field of 
characteristic not dividing the order of the cover. 

2.1. Characteristic varieties. Let X be a connected, finite-type CW-complex, with 
fundamental group G = tti(X, xq). Throughout this paper, k will denote an alge- 
braically closed field. Let G = Gt = Hom(G, k*) be the affine algebraic group of 
k- valued (multiplicative) characters on G. Each character p: G — > k* determines a 
rank-1 local system k p on X: the k[G]-module structure on k is given by g ■ a = p(g)a. 

The characteristic varieties of X with coefficients k are the jumping loci for homol- 
ogy with coefficients in rank-1 local systems on X: 

(1) V q d (X, k) = {p G G : dim k H q (X, k p ) > d}. 

It is readily seen that these loci are Zariski closed subsets of G, and depend only 
on the homotopy type of X. Moreover, the characteristic varieties are defined by 
determinantal conditions on integer equations; therefore V^(X, IK) may be regarded 
as the IK-points of an affine scheme V^(X) defined over Z, for any extension IK of the 
prime subfield. 

In each fixed degree q > 0, we have a descending filtration, G = Vq(X, k) D 
V[{X,k) D ■ ■ ■ D V|pT,k) D ■ ■ ■ . Let V q {X,k) = Vf(X,k). Note that V°{X,k) = {1}, 
where 1 is the identity of G. 

As shown in [PS10], characteristic varieties behave well under products. More pre- 
cisely, let X\ and X2 be two connected, finite-type CW-complexes, and identify the 
character group Tti(X\ x X2) with the product iri(Xi) x ■k\(X2). Then the (depth 1) 
characteristic varieties of the product X\ x X2 are given by 

(2) V q (X 1 x X 2 ,k) = [JV ! (Ii,l) x V^(^2,k), 

i=0 

for all q > 0. 

Given a finitely presented group G, we may define the characteristic varieties V\{G, k) 
as those of a (finite) presentation 2-complex for G; the definition does not depend on 
the choice of presentation. Moreover, the varieties V\ (G, k) can be computed directly 
from such a presentation, by means of the Fox calculus. 

Example 2.1. The characteristic varieties of a free group can be computed by hand. 
Let F n be the free group of rank n. Identifying F n = (k*) n , we have 



(3) Vj(F n , 



for n > 2 and d < n — 1, 
for d = n, 
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and V^(F n ,k) = 0, otherwise. 







Example 2.2. Slightly more generally, consider a free product T = F n *Z p , where Z p 

denotes the cyclic group of order p. In this case, T = F n x Z p : note that 7L V has order 
p if char(k) ^ p, and equals {1} if char(k) = p. 

Let H° denote the identity component of an algebraic group H. A direct computa- 
tion shows that if char(k) ^ p, then 



and V 9 (T,k) = for q > 2. However, if char(k) = p, then V(T,k) = f for all n > 1, 



The degree-1 characteristic varieties enjoy a nice functoriality property. 

Lemma 2.3 ([Sull]). // (p: G — » Q is an epimorphism, then, for each d>l, the in- 
duced monomorphism between character groups, fit = Hom(c^,k*): Qk <—> Gt, restricts 
to an embedding V^(Q,k) V](G,k). 

2.2. Finite covers. As before, let X be a connected, finite-type CW-complex. By 
the Universal Coefficients Theorem, 



for any field k. Moreover, if char(k) = p and the inequality is strict, then Hi(X,Z) 
has non-trivial p-torsion. 

A well-known transfer argument shows that the homology groups of a finite cover 
of X are "larger" than the homology groups of X, at least away from any prime p not 
dividing the order of the cover. The following lemma makes this fact more precise, in 
a way suited for our purposes. 

If A is an abelian group, let denote its p-primary part, obtained by localizing 
at the prime ideal (p) CZ, 

Lemma 2.4. Let ir: Y — > X be an r-fold cover, and let p be a prime not dividing r. 
For each i > 0, the map ir* : Hi(Y,1 1 )^ — > Hi(X,Z)^ is surjective. 

Proof. Let : Hi(X,7j)^ — > Hi(Y,7j)^ be the localization of the transfer homomor- 
phism. Localization is exact, so ir* o r* : Hi(X,7j)^ p -j — > Hi{X,'L)^ is multiplication 
by r. Since r is a unit in the local ring ^( p ), the composite is an isomorphism, so r* is 
surjective. □ 

In particular, if Hi(X,7 J ) has non-trivial p-torsion, then Hi(Y,1,) also does. The 
above argument also shows that the homomorphism 7r* : Hi(Y, k) — > Hi(X,k) is sur- 
jective, for any field k of characteristic or p, with p\r. 

2.3. Finite abelian covers. We now specialize to the case when the cover Y — > X 
is a Galois cover, whose group of deck transformations is abelian. In this situation, a 
more precise formula for the homology groups of Y can be given, again away from the 
primes dividing the order of the cover. 





and all q > 1. 







(5) 



dim c Hi(X, C) < dim k H^X, k) 
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Let A be a finite abelian group. A cohomology class x £ H 1 (X, A) may be regarded 
as a homomorphism x' G — > A, where G = tti(X, xo). Without much loss of generality, 
we may assume x is surjective, in which case x determines a regular, connected A-cover 
of X, which we denote by X x . 

Let k be an (algebraically closed) field, and let Xk- A^ — > Gt be the the induced 
morphism between character groups. Then x is injective, and its image is (non- 
canonically) isomorphic to A. If p: G — > k* is a character belonging to im(xk), then 
P = L ° X f° r some homomorphism t: A — >■ k*; since x is surjective, i is unique, and we 
will denote it by t p . 

The next proposition records a formula for the homology groups H q (X x ,k), in the 
case when char(k) does not divide the order of A. In the case q = 1, this formula is 
well-known, and due to Libgober [Li92], Sakuma [Sa95], and Hironaka [Hi97] in the 
case k = C, and to Matei-Suciu [MS02] for other fields k. For the convenience of the 
reader, we include a self-contained proof, in this wider generality. 

Theorem 2.5. Let X x — > X be the regular cover defined by an epimorphism x from 
G = 7Ti(X) to a finite abelian group A. Let k be an algebraically closed field of 
characteristic p, where p = or p \ \ A\. Then 

(6) u,(x*k) = K p , 

d>\ peim(x k )nv^(x,k) 

as kL4] -modules. In particular, 

(7) dim k ff ? (X^,k) = ^|im(£k)nV^(X,]k)|. 

d>l 

Proof. The epimorphism x gives the group algebra k[^4] the structure of a (k[G], kL4])- 
bimodule. By Shapiro's Lemma, H q (X x ,k) = H q (X,k[A]), as (right) k[A] -modules, 
for each q > 0. 

By our assumption on k, the group algebra of A is completely reducible, with one- 
dimensional, irreducible representations parametrized by A^. As (left) k[G] -modules, 
these are the image of Xk ■ A^ — > Gt, so 

(8) H q (X,k[A])= H q (X,k p ). 

peim(xk) 

For a fixed q and p, let b = dim^ H q (X, kp). By the remark above, H q (X, kp) = (k tp )® 6 
as a k[A]-module. By definition, p G V?(X, k) if and only if dim^H q (X, kp) > d. This 
finishes the proof. □ 

Formula (7) can also be written as 

(9) dim k H q (X x , k) = dim k k) + £ jim(xk) n (V^(X, k) \ {1})| . 
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2.4. The cyclic case. To conclude this section, we further specialize to the case where 
X x — > X is a regular, finite cyclic cover. 

Let A be a finite cyclic group, and let x : G = ni(X) -> i be a surjective ho- 
momorphism. Then A acts on X x by deck transformations: given the choice of a 
generator a of A, let h = h a : X x — > X x be the monodromy automorphism, and let 
/i* : H q (X x ,h) — > -ff,j(X x ,Ik) be the induced map in homology. 

Corollary 2.6. Assume char(k) { \A\. Then, the characteristic polynomial of the 
algebraic monodromy, AJ^(t) = det(i ■ id — h*), is given by 

(10) Aj(t)=n n (t-a«))- 

o!>lpeim(xk)nV«(A',k) 

Proof. Since iT g pT x ,k) = H g (X, k[A]) is a completely reducible k [^4] -module, the 
automorphism /i* is diagonalizable. Its eigenvalues, counted with multiplicity, are 
indexed by the kL4]-irreducibles appearing in the decomposition (6) of Theorem 2.5. 
The conclusion follows. □ 

Remark 2.7. Since each Vj(X, k) is defined over Z, the points of V%(X, F) are stable 
under the natural action of G&\(F/F) on Gp, where F denotes the prime subfield 
(Q or F p ). In particular, the set im(xk) H V?(X, k) is closed under the Galois action 
permuting &th roots of unity. Therefore, A^(i) is a polynomial with integer coefficients, 
and does not depend on the choice of generator a for the cyclic group A. 

2.5. Twisted Poincare polynomial. For a given cyclic cover, we can package the 
above data in a generating function that depends only on the characteristic varieties 
of our space X. 

Definition 2.8. Given a homomorphism x from tvi(X) to a finite cyclic group A, let 
Aj^ be the polynomial in formal variables x and u = {u^ : k \ \A\} given by 

(11) A^ x (u,z)= Yl E U M X ^ 

9>o,rf>i P eim(xi t )nv«(x,k) 

where \p\ denotes the order of p in the group G. We note (as in Remark 2.7) that 
A\ (u, x) is a polynomial with integer coefficients. 

This notion can be recast in more familiar terms, as follows. Define the twisted 
Poincare polynomial of X at a character p E G to be 

(12) Poin k (X, p;x) = Y, dhnk H q (X, k p )x q . 

Note that Poin k (X;x) = Poin k (X, l;x) is the usual Poincare polynomial of X. 
Now, in view of Theorem 2.5, we may also write 

(13) A k x Ju,x)= Yl u M ?om k (X,p;x). 

pGim(xk) 
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We note that specializing Uk to log(<3?fc(i)) gives the formal power series 

(14) A£, x (t,x) = 2>gA£(t)x9, 

<?>o 

while specializing each Uf. to 1 gives the Poincare polynomial of the cover, Poin k (X x , x). 

Example 2.9. Let X = C \ {n points}, a classifying space for the free group F n , 
n > 2. Given a character p: F n k*, the computation from Example 2.1 yields 



(15) Pom k (X,p;x) 



(n — l)x if p ^ 1, 
1 + ra if p = 1. 



Now let -» Z r be an epimorphism, and assume char(k) \ r. Then 

(16) A^(u,i) = m(l+i) + (n-l)^^, 

k\r 

We conclude with a special case which will arise in §8. The next result rephrases 
the product formula (2) in a way that remembers the algebraic monodromy. 

Proposition 2.10. Suppose that Y — > X\ x X2 is a regular, cyclic cover defined by a 
surjective homomorphism x- G\ x G2 — > TL> r , for some n > 1, where Gi = 7Ti(Xj) for 
i = 1,2. Let k be an algebraically closed field for which char(k) { r. Then 

(17) A k x Ju,x)= u\ P \Poin k (X 1 ,p 1 ;x)Foin k {X 2 ,p 2 ;x), 

pGim(xk) 

where pi denotes the projection of p 6 G to Gi. 

Proof. We use the formula (13) together with the Kiinneth formula for rank-1 coeffi- 
cient modules, as in [PS10, §13.1]. □ 



3. Torsion in the homology of finite cyclic covers 

The characteristic varieties of a space X depend on the characteristic of the ground 
field k. In this section, we exploit this dependency to find integer torsion in the 
homology of regular, finite cyclic covers of X. 

3.1. Varying the characteristic of the coefficient field. As usual, let X be a 
connected, finite-type CW-complex, with fundamental group G = tti(X, xo). 

Theorem 3.1. Let x : G —» 7L r be an epimorphism. Suppose k is algebraically closed 
field of characteristic p > 0, and p \ r. Then, for each q, d > 1, 

(18) |im(xc)nV«pT,C)| < |im(x k )nV«(X,k)|. 

Moreover, if the inequality is strict, then H q (X x ,I l ) has non- zero °p -torsion. 
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Proof. For both X = C and K = k, let Ck = im(xK); our hypotheses ensure that Ck 

(k) 

is a cyclic group of order r. For each k \ r, let denote the set of elements of order 
k in Cjg. Since characteristic varieties are closed under the Galois action fixing the 
prime subfield (see Remark 2.7), either C V*(X,K), or c£ fc) n V$(X,K) = 0. Set 

(19) djp = max{d G N : c£ fc) C V*(X, X)}. 

Let $fe(t) G Z[i] denote the cyclotomic polynomial of order k, and = deg<&fc(t). 
Let G act on Z[i]/$ fe (i) by multiplication by t x{a \ for g G G. Then we have 

(20) rank z F g (X,Z[t]/$ ifc (t)) = dim c F g (x, C p ) 

By the Universal Coefficients Theorem, the first equality in (20) becomes an inequality 
if C is replaced by k. Thus < for each k dividing r. 

Since |im(xK) H V%(X, X)| = d ( k ) >d <p{k), for both X = C and X = k, inequality 

(18) follows. 

The last assertion follows at once from the UCT. □ 

Of course, inequality (18) is not always strict. A nice situation where equality holds 
is described next. 

Proposition 3.2. Suppose that, for a fixed q > 1, and for each d > 1, there are 
subgroups Li,...,L s of H±(X, Z) such that Vj(X, k) = Ui=i Hom(Lj, k*), for any 
algebraically closed field k. In that case, for every homomorphism \ : G -» Z r , the 
polynomial A^ x (u, x) is independent ofk, and the group H q (X x ,Z) has no p -torsion, 
for any prime p not dividing r. 

Proof. Out assumption implies that the quantity |im(£k) H V^(X, k)| is independent 
of k (for a fixed x). The conclusions readily follow. □ 

The hypothesis of the proposition is satisfied for the space X = C \ {n points} from 
Example 2.9, and for a finite direct product of such spaces. 

3.2. Torsion in the homology of cyclic covers. Inequality (18) above cannot be 
reversed, in general. We exploit this fact to detect torsion in the homology of certain 
cyclic covers, thereby proving Theorem 1.3 from the Introduction. 

Theorem 3.3. Let X x — » X be a regular, finite cyclic cover, defined by an epimor- 
phism x- TTiPO -» Z r . Let p be a prime not dividing r, and suppose that 

(1) im(xc) % V*(X,C), but 

(2) im(xk) C V(X,k), 

for some field k of characteristic p. Then H q (X x ,Z) has non-zero p-torsion. 

If, moreover, im(xc) H (V q (G, C) \ {1}) = 0, then H q (X x ,'Z) has p-torsion of rank 
at least r — 1. 
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Proof. The first claim follows immediately by combining (7) of Theorem 2.5 with (18) 
of Theorem 3.1. 

To prove the second assertion, using the assumption together with (9), we see that 
rank z H q (X x ,Z) = dim c H q (X x ,C) = dim c H q (X, C). 
On the other hand, by (2), we have that |im(£k) H V^(X,k)| = r. So by (9), 
dim k H q (XX, k) > dim k H q (X, k) + r - 1 
> dun c H q (X,C)+r-l, 
and the conclusion follows by the UCT again. □ 
A particular case is worth mentioning. 

Corollary 3.4. Let G be a finitely generated group, and let x~ G — » Z r be an epimor- 
phism. Let p be a prime not dividing r, and suppose that 

(1) \m<xc)ZV\G,C), but 

(2) imfo) C VHG,k). 

for some field k of characteristic p. Then the abelianization of N = ker(x) has non- 
zero p-torsion. If, moreover, im(xc) H (V X (G, C) \ {1}) = 0, then N a b has p-torsion 
of rank at least r — 1 . 



We shall see a concrete instance of this phenomenon (for r 
Example 3.6. 



3 and p 



m 



3.3. Torsion in abelianized kernels. We are now ready to state the second main 
result of this section, which proves Theorem 1.4 from the Introduction. 

Theorem 3.5. Let G be a finitely generated group, and suppose there is an epimor- 
phism (p: G -» Z * Z p , for some prime p. Let ip = <p o pr 1 : G — » 7L, where pr x denotes 

the projection Z * Z p -» 7L, and suppose that im(-0c) 2 V l (G, C). Then 

(1) For all sufficiently large integers r not divisible by p, there exists a normal 
subgroup N <G with G/N = Z r and such that iV a b has non-zero p-torsion. 

(2) If, in fact, im(^c) H V 1 (G, C) C {1} ; then N a ^ has p-torsion of rank at least 
r — 1, for all r > 1 coprime to p. 

Proof. To start with, we have the commuting triangle on the left side of diagram (21), 
with r = Z * Z p . Applying the functor Hom(— ,C*) gives, by Pontryagin duality, the 
triangle of injective morphisms in the upper right corner on the right side of (21). 



G 



(21) 



The morphism i 
hypothesis, V 1 (G, i 



V^GX) 





: C* — > Gc is a one-parameter subgroup; let T be its image. By 
n T is a proper, closed subvariety of the algebraic torus T; since 



dimT = 1, this intersection is a finite set. For sufficiently large r, then, T contains a 
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cyclic group C of order r for which C % V 1 (G, C); without loss of generality, we may 
assume p\r. 

The situation so far is summarized on the right side of (21). Applying the functor 
Hom a i g (— , C*) gives the triangle of surjective homomorphisms on the right side of 
diagram (22), with x = K ° ty- Note that ijj = tp o ab, where ab: G — > G a b is the 
abelianization map. Thus, if we set x := X ° arj , we have that C = im(xc)- Therefore, 
condition (1) from Corollary 3.4 is satisfied. 



(22) 



Next, let k be a field of characteristic p. Applying the functor Hom(— , k*) yields the 
bottom triangle from diagram (23); clearly, im(xk) C im^k). We also have \m{ij\) = 
im(^t), since Hom(Z p ,k*) = {1}, and so I\ = k*. On the other hand, we know from 
Example 2.1 that V 1 (r,k) = I\. By Lemma 2.3, the morphism (p\: r\ >• Gk restricts 
to an embedding V x (r,k) V 1 (G,k). 

Putting things together, we infer that the map Xk factors through the dotted arrow, 
i.e., im(xk) C V 1 (G, k); thus, condition (2) from Corollary 3.4 is also satisfied. 




(23) 




Hom(Z r , I 



Finally, set = ker(x). Applying Corollary 3.4, we conclude that A a b = Hi(N,Z) 
has nonzero p-torsion 

The last statement follows again from Corollary 3.4. □ 



3.4. Discussion. We conclude this section with a detailed example illustrating The- 
orem 3.5, and a corollary showing how the hypothesis of the theorem can be tested 
more easily under a formality assumption. 

Example 3.6. Let G = (x\,X2 \ x\x\ = x\x\), and identify G = (C*) 2 , with coordi- 
nates t\ and ti- Taking the quotient of G by the normal subgroup generated by x\, 
we obtain an epimorphism <p : G -» Z * 7Li . The morphism induced by (p on character 
groups sends Z to T = {t2 = 1}, and Z2 \ {1} to p = (1, —1). By the above proposi- 
tion, V 1 (G) contains the translated torus pT = {t2 = —1}- Direct computation with 
Fox derivatives shows that, in fact, V 1 (G) = {1} U pT. The inclusion of V 1 (G) in the 
character torus is shown schematically in Figure 3.4. 

Now let N be the kernel of the homomorphism G —» Z3 sending x\ 1— > 1 and 
X2 1— > 0. By Theorem 2.5 and Corollary 2.6, we have that dim^ H\ ( A, k) = 4 and 
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Figure 1. Characteristic varieties with translated torus components 

A\(t) = (t - l) 2 (t 2 +t + 1) if char(k) = 2, whereas dim k Hx (N, k) = 2 and A\(t) = 
(t — l) 2 , otherwise. (In fact, direct computation shows that Hi(N, Z) = Z 2 © Z|.) 

The (first) resonance variety of a finitely generated group G, denoted 1Z 1 (G, C), is 
the set of all a € ff 1 (G, C) for which there is an element b G H 1 (G, C) not proportional 
to a, such that a U b = £ H 2 (G,C). The group G is said to be 1-formal if the 
complete, pro-nilpotent Lie algebra associated to G is quadratic. As shown in [DPS09], 
if G is 1-formal, then both the tangent cone and the exponential tangent cone to the 
characteristic variety V 1 (G, C) coincide with 7?. 1 (G, C). 

Corollary 3.7. Let G be a 1-formal group. Suppose there is an epimorphism (p: G — » 
Z * Z p such that the kernel of the map H l (G, Z) — > H 2 (G, Z) given by the cup product 
with the class [pr 1 o(p] £ H l (G,1) has rank 1. Then there are infinitely many integers 
r (not divisible by p) for which there exists an exact sequence 1— )■ N — > G — >-Z r — > \ 
in which iV a b has p-torsion. 

Proof. Set tp = pr x otp. The rank condition means that [tp] <S>z C is not in 1Z 1 {G, C), 
which implies (by 1-formality) that the one-parameter subgroup im(^) is not in the 
exponential tangent cone to V 1 (G, C). Thus, im(ip) $Z V 1 (G, C), and the conclusion 
follows from Theorem 3.5. □ 

4. QUASI-PROJECTIVE VARIETIES AND ORBIFOLD FIBRATIONS 

We now turn to a geometric setting: that of smooth, quasi-projective varieties. 
The special nature of their characteristic varieties allows us to detect torsion in the 
homology of finite cyclic covers by means of "small" orbifold fibrations. 

4.1. Orbifold fundamental groups. Let T, g , r be a Riemann surface of genus g > 0, 
with r > points removed. Fix points qi, . . . ,q s on the surface, and assign to these 
points integer weights fj,±, . . . ,fi s with m > 2. The resulting object, S = (S gjr ,/i), is 
called a (2-dimensional) orbifold. 

Set \//,\ = s, and write n = 2g + r — 1. We say that an orbifold S as above is 
hyperbolic if its orbifold Euler characteristic, 

s 

(24) X orb (S) = 2-2 5 -r-^(l-lM), 

i=l 

is negative. Furthermore, we say that a hyperbolic orbifold X is small if either E = 
S 1 x S 1 and \n\ > 2, or E = C* and > 1; otherwise, we say the orbifold is large. 
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The orbifold fundamental group T = 7r° (£ 9jr ,/x) is given by 



[xi,yi]---[x g ,yg]zf-z s = 1, 

Z \ — ' ' ' — Z t — 1 



if r = 0, 



-p / X\i . . . , y±, . . . ,yg, 

(25) \ ^x,...,^ 

r = F„ * Z w * • • • * Z Ms if r > 0. 

Note that T ab = Z 2fl © A, where ,4 = Z Ml © • • • © 2^/(1, . . . , 1) in the first case, and 
T a b = Z n © A, where A = Z Ml © • • • © Z Ms in the second case. In either case, identify 
r = r° x A. A Fox calculus computation as in [ACM10] shows that 

T if S is a large hyperbolic orbifold, 

= < (T \ r°) U {1} if S is a small hyperbolic orbifold, 
otherwise. 



(26) V 1 ^,! 



4.2. Orbifold pencils. Now let X be a smooth, connected quasi-projective variety, 
with fundamental group G = n\(X,xo). Let (S 9jr ,|u) be a 2-dimensional orbifold 
with marked points (?i,/ii), • • • , (q s ,fJ> s )- A surjective, holomorphic map /: X — > 
S g)T . is called an orbifold fibration (or, a pencil) if the generic fiber is connected, 
the multiplicity of the fiber over each point qi equals /ij, and / admits an extension 
/: X — > T, g to compactifications which is also a surjective, holomorphic map with 
connected generic fibers. 

We say that a hyperbolic orbifold fibration /: X — > (S gr ,/j,) is either large or 
small according to its base. If b\{X) = 0, then an easy argument with mixed Hodge 
structures shows that g = 0. 

Any pencil / as above induces an epimorphism fa : G T, where T = 7r° rb (S 9 r , /i), 
and thus a monomorphism /jj : T M> G. By Lemma 2.3 and the computation from 
(26), we see that sends V 1 (r,C) to a union of (possibly torsion-translated) subtori 
inside V l (X, C). In fact, a more precise result holds. 

Theorem 4.1 ([Ar97, Di07, ACM10]). Let X be a smooth, quasi-projective variety. 
Then 

V 1 (X,C)= U im W U U (im(/ tt )\im(/ tt )°)uZ, 

/ large f small 

where Z is a finite set of torsion characters. 

In particular, every positive-dimensional component of V 1 (X, C) is of the form p ■ T, 
where T is an algebraic subtorus in H l (X, C*), and p is of finite order (modulo T). The 
component arises from an orbifold fibration with base S g;r ., so that T has dimension 
n := &i(S 5j7 .). We will call T the direction torus associated with the orbifold fibration: 
see Figure 3.4. 

In the case where pT = T, we must have n = 2g > 4 or n = 2g + r — 1 >2, according 
to whether the number of punctures r = or not. On the other hand, if p ^ T, then 
the direction torus T itself is also a component of V 1 (A, C) unless n = 2 (if r = 0) or 
n = 1 (if r > 0). 
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Theorem 4.2 ([DPS08, ACM10]). For any smooth, quasi-projective variety X, the 
direction tori associated with two orbifold fibrations of V 1 (X 1 C) either coincide or 
intersect only at the identity. 

4.3. Torsion in cyclic covers. We are now ready to state and prove the main result 
of this section, which establishes Theorem 1.5 from the Introduction. 

Theorem 4.3. Let X be a smooth, quasi-projective variety. Suppose there is a small 
orbifold fibration f: X — > (S, (/ii, . . . , // s )) and a prime p dividing gcd{/Ui, . . . ,/J, s }- 
Then, for all sufficiently large integers r > 1 not divisible by p, there exists a regular, 
r-fold cyclic cover Y — > X such that H\(Y, Z) has p-torsion. 

If, moreover, V 1 (X, C) contains no zero- dimensional, nonidentity components, then 
Hi(Y, Z) has p-torsion of rank at least r — 1 for all r > 1 not divisible by p. 

Proof. The orbifold fibration / induces an epimorphism f§ : tt\{X) — > 7r° rb (I], /i). Since 
p | gcd{/ii, . . . , fi s }, the target group surjects onto Z * Z p . Thus, we obtain an epimor- 
phism ip: tt±(X) -»7L* Z p . 

Let t/j = (p o pr-L : tt±(X) -» Z. Clearly, T := im(tp) is the direction torus associated 
to /. By Theorem 4.2, T % V 1 (X, C), so the first conclusion follows by Theorem 3.5. 

Note that zero-dimensional components of V 1 (X, C) are necessarily torsion points, 
by [ACM10]. By Theorem 4.1, then, if all nonidentity components of V 1 (X, C) are 
positive-dimensional, the intersection TnV 1 (X, C) is either empty or {1}. The second 
conclusion follows by Theorem 3.5(2). □ 

Example 4.4. Following [ CM98], let C\ be a (smooth, complex) curve of genus 2 
with an elliptic involution o~\ and C2 a curve of genus 3 with a free involution 02- The 
group Z2 acts freely on the product C\ x C2 via the involution o\ x 02; let M be 
the quotient surface. The projection C\ x C2 — > C% descends to an orbifold fibration 
/1 : M — > Si = C\ja\ with two multiple fibers, each of multiplicity 2, while the 
projection C\ x C2 — > C2 descends to a holomorphic fibration fi'- M — > £2 = C2/<7"2- 

It is readily seen that H = H\(M,'E) is isomorphic to Z 6 ; fix a basis e±,...,eQ 
for this group. A computation detailed in [Sull] shows that the variety V 1 (M, C) C 
(C*) 6 has precisely two components, arising from the orbifold fibrations described 
above. The first component is the subtorus T\ = {(1, 1, £3, t&, t§, to) € (C*) 6 }, which 
actually lies in V\(M, C), while the second component is the translated subtorus /9T2 = 
{(ti,«2,-l,l,l,l) G (C*) 6 }, which lies in V 2 1 (M,C). 

Let r > 1 be an odd integer, and choose any epimorphism \ : H±(M,Z) — » Z r for 
which x{ e i) = f° r 3 < i < 6. Then the cyclic group im(%) is contained in T2, 
yet it intersects V 1 (M, C) only at the trivial character 1. Hence, by Theorem 3.5, 
there is 2-torsion in H\(M X ,Z). For instance, if r = 3 and x = (1)1)0,0,0,0), then 
Hi(M x , Z) = Z 6 © Z2, and the characteristic polynomial of the algebraic monodromy 
is A\(t) = (t- lf(t 2 + 1 + l) 2 if char(k) = 2, and A\(t) = (t - l) 6 , otherwise. 

5. Hyperplane arrangements, multinets, and deletions 

In this section, we further specialize to the case of complex hyperplane arrange- 
ments. The first characteristic variety of the complement of such an arrangement 
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is determined in large part by a combinatorial construction, known as a "multinet". 
Suitable deletions, then, produce small pencils, which will be put to use later on. 

5.1. The complement of an arrangement. Let A be a finite set of hyperplanes in 
some finite-dimensional complex vector space C . Most of the time, we will assume 
the arrangement is central, i.e., all hyperplanes pass through the origin. In this case, 
the product 

(27) Q(A) = J] f H , 

HeA 

is a defining polynomial for the arrangement, where fjj : — > C are linear forms for 
which ker(/#) = H. 

At times, we may wish to allow multiplicities on the hyperplanes: if m G Z" 4 is a lat- 
tice vector with ran > 1 for each H G A, the pair (A, m) is called a multiarrangement. 
A defining polynomial for the multiarrangement is the product 

(28) Q(A,m) = fx 11 - 

HeA 

Let M(A) = C \ \Jh^a H De ^ e complement of the arrangement. Let U (A) = 
FM(A) denote the image of M(A) in P* -1 : it is well-known that M(A) = U(A) x C*. 

Fix an ordering of the hyperplanes, and let n = \A\ be the cardinality of A. A 
standard construction linearly embeds M(A) in a complex algebraic torus: let i: C — > 
C n be the map given by 

(29) t(x) = (f H (x)) HeA . 

Clearly, this map restricts to an inclusion l: M(A) (C*) n . Since i is equivariant 
with respect to the diagonal action of C* on both source and target, it descends to a 
map I: U(A) "^4 (C*) n /C*. We note the following for future reference. 

Lemma 5.1. The map l: M(A) — > (C*) n is a classifying map for the universal abelian 
cover of M(A): that is, 7Ti(M(A)) — > 7L n is the natural projection tti(M(A)) -» 
ni(M(A))ab. Similarly, I#: tvi(U(A)) — > Z n /(1,...,1) is the abelianization map for 
the fundamental group of the projective complement. 

For each H £ A, let xh denote the based homotopy class of a compatibly oriented 
meridian curve about the hyperplane H; as is well-known, the group tti(M(A)) is 
generated by these elements. By a slight abuse of notation, we will denote the image 
of xh m Hi(M(A),7j) by the same symbol. Similarly, we will denote by xh the image 
of xh in both tti(U(A)) and its abelianization. 

It follows from Lemma 5.1 that H 1 (M(A),Z) = Z n , with basis {x H - H G A}, and 
H 1 (U(A),Z)^Z n /(^ KeA x K ). 

5.2. Characteristic varieties of arrangements. Using the standard meridian basis 
of Hi(M(A),Z) = Z n , we may identify the character group Horn (7ri(M (>!)), k*) with 
the torus (k*) n . From the product formula (2), we see that 

(30) Vf{M(A),k) Vf(U{A),k) C {t G (k*) n | h ■■■t n = 1} (k*)"" 1 . 



18 



G. DENHAM AND A. SUCIU 



We will be only interested here in the degree 1 characteristic variety, V 1 (A, k) := 
Vl(U(A),k). To compute these varieties, we may assume, without loss of generality, 
that A is a central arrangement in C 3 . 

If B C A is a sub-arrangement, the inclusion U(A) U(B) induces an epimorphism 
tt\{U{A)) — » iri(U(B)). By Lemma 2.3, the resulting monomorphism between charac- 
ter groups restricts to an embedding V 1 (B,k) V 1 (A, k). Components of V 1 (»4, k) 
which are not supported on any proper sub-arrangement are said to be essential. 

The hyperplane complement M(A) is a smooth, quasi-projective variety. By work of 
Arapura [Ar97], the complex characteristic varieties Vf(M(A), C) are unions of unitary 
translates of algebraic subtori in (C*) n . By Theorem 4.1, the variety V 1 (^4) = V l (A, C) 
is, in fact, a union of torsion-translated subtori. 

5.3. Multinets. All the irreducible components of V 1 (^l) passing through the origin 
can be described in terms of the existence of a multinet on the hyperplanes of A, a 
notion we now recall. 

Definition 5.2. A multinet on an arrangement A is a partition of A into k > 3 
subsets Ai,. . . ,Ak, together with an assignment of multiplicities, m: A — > N, and a 
subset X C Lz(A), called the base locus, such that: 

(1) YliieAi mH = ^' independent of i. 

(2) For each H G At and H' G Aj with i / j, the flat H C\H' belongs to X. 

(3) For each X & X, the sum nx '■= J^HeAi ■ H<x m H is independent of i. 

(4) For each 1 < i < k and H, H' G ^4j, there is a sequence -ff = ffoi Hi, . . . , ff r = 
F' such that Hj-i PiHj X for 1 < j < r. 

We say that a multinet as above has k classes and weight d, abbreviated as a (k, d)- 
multinet. Without loss of generality, we may assume that gcd{m# : H G A} = 1. If all 
multiplicities mu are equal to 1, we say the multinet is reduced. If, furthermore, every 
flat in X is contained in precisely one hyperplane from each class, then the multinet 
is called a (k,d)-net. 

There is a somewhat trivial construction of multinets: set X = {X} for any flat 
X G L2(A) that lies on at least three lines, and form a net on the subarrangement 
of hyperplanes containing X by assigning each hyperplane multiplicity 1 and putting 
one hyperplane in each class. However, the existence of multinets for which \X\ > 1 is 
much more subtle. We distill some of the known results, as follows. 

Theorem 5.3 ([PY08], [Yu09]). Let (Ai, ■ ■ ■ , Ak) be a multinet on A, with multiplicity 
vector m and base locus X . 

(1) // \X\ > 1, then k = 3or4. 

(2) If there is an H G A such that mu > 1, then k = 3. 

Although infinite families of multinets are known with k = 3, only one is known to 
exist for k = 4: the (4, 3)-net on the Hessian arrangement. 

5.4. Pencils, multinets, and translated tori. Recall we are assuming A is a central 
arrangement in C 3 . As shown by Falk, Pereira, and Yuzvinsky in [FY07, PY08], 
every (k, d)-multinet on (A,m) determines a large orbifold fibration f m : M(A) — > 
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So ifej which in turn produces a (k — l)-dimensional, connected component of V 1 (A) 
containing 1. 

If \X\ = 1, then the trivial net described above gives rise to a local component 
of V l (A). Otherwise, let Qi = Yl H€ ^. fff H , for 1 < i < k, so that the polynomial 
Q(A, m) factors as Q\ ■ ■ ■ Qk- Define a rational map f m '■ C 3 — > P 1 by 

(31) f m (x) = [Qi(x) : Q 2 (x)}. 

Clearly the restriction to the complement, f m : M(A) — > P 1 , is a regular map, 
and the points [0 : 1] and [1 : 0] are not in its image. Along the same lines, if [a : 
b] $ fm(M(A)), then the polynomial 0Q2 — bQi does not vanish on M(A), so it is a 
product of linear forms. More is true: it turns out that there exist k distinct pairs 
{(ai, bj) € C 2 : 1 < i < k} for which Qi = aiQ 2 — b%Q\, for each i, and 

(32) im(/ m ) = P 1 \ {[ ai : h) : 1 < % < k} 9* E 0>fc . 

(We also see that the choice of order of classes affects f m only by a linear automorphism 
of P 1 .) 

In general, though, the characteristic variety V 1 (.4.) has irreducible components not 
passing through the the origin, as we shall see in the next subsection. 

Following [Sull], let us summarize the above discussion, as follows. As before, let 
A be an arrangement of n hyperplanes. 

Theorem 5.4. Each irreducible component ofV 1 (A) is a torsion-translated subtorus 
of (C*) n . Moreover, each positive- dimensional, non-local component is of the form 

p ■ T, where p is a torsion character, T = /(j(7ri(Eo, r )); for some orbifold fibration 
f : M(A) — > (T<o, r ,p), and either 

(1) r = 2, and f has at least one multiple fiber, or 

(2) r = 3 or A, and there exists a multiplicity vector m and multinet with r classes 
on (A, m) for which f = f m . If r = 4, moreover, mn = 1 for each H. 

5.5. Deletions and pencils. Fix now a hyperplane H € A. The arrangement A' = 
A \ {H} is then called the deletion of A with respect to H. Before proceeding, let us 
introduce a variation on Definition 5.2. 

Definition 5.5. A pointed multinet on A is a multinet structure ((Ax, ■ ■ ■ , Ak), rn, X), 
together with a distinguished hyperplane H € A for which run > 1, and mu \ nx for 
each flat X > H in the base locus. 

Proposition 5.6. Suppose A admits a pointed multinet, and A' is obtained from A 
by deleting the distinguished hyperplane H. Then U{A') supports a small pencil. 

Proof. Without loss of generality, assume that H € Ai , and consider the regular map 
given by (31), f m : M(A) — > P 1 . Since fn does not divide Q3, we may extend f m to a 
regular map f m : M(A') -> P 1 . 

By construction, fn \ Qi(x), and so im(/ m ) \ im(/ m ) = {[0 : 1]}. Note that the 
image of f m equals P 1 \ {[0 : 1], [1 : 0]}; thus, the corestriction of f m to its image is a 
small orbifold fibration. 
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Figure 2. A (3, 4)-multinet on the B3 arrangement 



By hypothesis, the degrees of the restrictions of Qz(x) and Qs(x) to the hyperplane 
H are both divisible by ran- It follows that the corestriction of f m : M(A') — > P 1 to 
its image is actually an orbifold fibration onto (So tuh)- Hence, f m is the desired 
small pencil. □ 

We illustrate this procedure with a concrete example. 

Example 5.7. Let A be reflection arrangement of type B3, with defining polynomial 
Q = xyz(x — y)(x + y)(x — z)(x + z)(y — z)(y + z). This arrangement supports the 
multinet m depicted in Figure 2. 

Let A' = A \ {z = 0} be the so-called deleted B3 arrangement, and order its 
hyperplanes in the same way as the factors of Q, above. As noted in [Su02], the 
characteristic variety V 1 (A') C (C*) 8 contains a component of the form pT, where 

p= (1,1,-1,-1,-1,-1,1,1) and T = {(t 2 ,t~ 2 , 1, t) | i G C*}. 

To see how Proposition 5.6 recovers this translated subtorus, consider the polyno- 
mials Qi = z 2 (x — y ) ( x + y) , Q2 = y 2 (x — z) (x + z) , and Q3 = x 2 (y — z) (y + z) defined 
by the classes of the multinet m supported on A, and let f m : M(A) — > P 1 be the map 
given by 

fm(x,y,z) = [z 2 (x -y)(x + y) : y 2 (x - z)(x + z)). 

The point [0: 1] is not in the image of f m ; however, extending f m : M(A') — > P 1 by 
allowing z = extends the image of f m to include [0:1]. Moreover, for z = 0, we have 
fm = [0:y 2 x 2 ], so the fiber over [0:1] has multiplicity 2. 



6. Cyclic covers and Milnor fibrations of arrangements 

In this section, we turn to the Milnor fibration of a multiarrangement. As is well- 
known, the Milnor fiber can be realized as a finite cyclic cover of the projectivized 
complement. Our techniques, then, permit us to find torsion in the first homology of 
the Milnor fiber, provided certain combinatorial constraints are satisfied. 
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6.1. Cyclic covers of arrangement complements. Let A be a (nonempty) central 
arrangement, with complement M(A). The homology groups of M(A) are well-known 
to be torsion-free. However, combining the results above, we can now give a rather 
delicate combinatorial condition which, if satisfied, insures that there exist infinitely 
many cyclic covers of M(A) whose first homology group has integer torsion. 

Theorem 6.1. Suppose A admits a pointed multinet structure, with multiplicity vector 
m, and distinguished hyperplane H . Set A' = A \ {H}, and let p be a prime dividing 
rriH- Then, for any sufficiently large integer q relatively prime to p, there exists a 
regular, q-fold cyclic cover Y — > U(A') such that Hi(Y,Z) has p-torsion. 

Proof. By Proposition 5.6, the complement M(A') — and hence, its projectivization, 
U(A') — admits a small pencil. The desired conclusion follows from Theorem 4.3. □ 

Of course, additional information about the characteristic varieties of the arrange- 
ment A' leads to sharper conclusions, as we see in the next example. 

Example 6.2. We continue Example 5.7 to see that Theorem 6.1 is constructive. 
Here, A' is the deleted B3 arrangement, and p = 2. For any odd integer r > 1, 
let Xr ■ tti(U(A')) — > Z r be the homomorphism given on generators by the vector 
(2, —2, 0, 0, —1, —1, 1, 1) € (Z r ) 8 . Let X r denote the corresponding regular r-fold cover 
of U(A'). 

We know from [Su02] that V 1 (A') contains no isolated points. Our arguments 
combine to show that, for all odd r, the homomorphism x = Xr satisfies the hypotheses 
of Corollary 3.4. That is, the cyclic group im(xc) intersects V 1 (A') only at the trivial 
representation {1}, while for k of characteristic 2, the image of xt is contained in the 
1-parameter subgroup 

T k = {{t 2 ,t~ 2 , 1,1, t-\t-\t,t) I t € k*} C V 1 (A',k). 

It follows that dime H\{X r , C) = 7, while dim^ H\ (X r , k) > 7+ (r — 1). Hence, 
Hi(X r ,7j) has 2-torsion of rank at least r — 1. By Corollary 2.6, the characteristic 
polynomials of the monodromy do depend on the field: while Af(t) = (t — l) 7 , we see 
A\(t) is divisible by (t - lf(t r - 1). 

6.2. The Milnor fibration of a multiarrangement. We now turn our considera- 
tion to a family of finite, cyclic covers of projective hyperplane complements that arise 
geometrically as polynomial level sets. 

As before, let A be an arrangement in C . For each hyperplane H € A, pick a linear 
form ffj with ker(///) = H. Let N = Z > q, and let m € N" 4 be a choice of multiplicities 
on the arrangement. We will assume from now on that gcd(m# : H E A) = 1. Given 
these data, consider the polynomial 

(33) Q(A,m)=l[f™". 

HeA 

The polynomial map Q(A, m) : C e — > C restricts to a map / = fA,m '■ M(A) — > C*. 
As shown by J. Milnor [Mi68] in a much more general context, / is the projection 
map of a smooth, locally trivial bundle, known as the Milnor fibration of the mul- 
tiarrangement. The typical fiber of this fibration, F(A,m) = / _1 (1), is called the 
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Milnor fiber, it is a connected, smooth affine variety, having the homotopy type of an 
(I — l)-dimensional, finite CW-complex. 

Set iV = YliieA m H-, and let £ = exp(2ni/N). The geometric monodromy of the Mil- 
nor fibration is the map h: F(A,m) — > F(A,m) given by [z\, ... ,zt) (£zi, . . . ,£zi). 
The map h generates a cyclic group of order N; this group acts freely on F(A,m), 
with quotient the projectivized complement, U(A). We thus have a regular, JV-fold 
cover, F(A,m) — > C/(^4). As noted in [CS95, CDS03], this cover can be described as 
follows. 

Proposition 6.3. The Milnor fiber cover F(A,m) — > U{A) is classified by the homo- 
morphism 5 = 6j\. m : iri(U) -»7Ln which sends xjj ^ fnfj mod N , for each H E A. 

Proof. (Sketch) The fibration / : M(A) — > C* induces a surjective homomorphism on 
fundamental groups, 7 = JA,m : -k\{M(A)) -» Z, given on generators by 5{xh) = tuh- 
In view of Lemma 5.1, the map 5 induces a well-defined homomorphism 5: iri(U(A)) -» 
Zjv, given by 5(xh) = m H mod N. It is now readily seen that this homomorphism is 
a classifying map for the cover F(A, m) — > U(A). □ 

Note that F(A, m) is the homotopy fiber of the infinite cyclic cover of M(A) de- 
termined by the homomorphism 7.4 m . We summarize this discussion in the following 
commuting diagram, with exact rows and columns: 

(34) Z Z 

XiV 

w 

tti(F(A, m)¥ m(M(A)) Z 



vri(F(A^)) c *m(U(A)) — -^Z N 

6.3. The characteristic polynomial of the algebraic monodromy. Under the 
above identification of the Milnor fiber F(A,m) as the regular Zjy-cover U{AY A ' m , 
the geometric monodromy h: F(A,m) — > F(A,m) of the Milnor fibration coincides 
with the monodromy h = h a of the cover, for the choice of generator a = 1 € Zjy- 

As usual, let k be an algebraically closed field of characteristic not diving N. For 
each q > 0, consider the algebraic monodromy, h* : H g (F(A, m), k) — > H q (F(A, m), k), 
and let A^(i) = det(i • id — /i*) be its characteristic polynomial. It is readily seen that 
Ag(£) coincides with the g-th Alexander polynomial of the infinite cyclic cover of M(A) 
determined by 'jA,rn : that is to say, A^(i) is the monic generator of the annihilator of 
H q (F(A,m),k), viewed as a k[Z]-module. 

Using Theorem 2.5 and Corollary 2.6, we obtain a concrete description of the ho- 
mology groups of the Milnor fiber, and the eigenspace decomposition of the algebraic 
monodromy, solely in terms of the characteristic varieties of the arrangement. 

As usual, fix an ordering on the hyperplanes of A, and identify Hom(7Ti(M(.4)), k*) 
with (k*)!- 4 !. For an element C G k*, set Q m := (( mH ) H eA G (k*)^. 
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Figure 3. A (3, 2)-net on the A3 arrangement 



Corollary 6.4. The homology groups of the Milnor fiber F( A, m), with coefficients in 
a field k of characteristic not dividing N = J2hgA mH are 9^ ven by 

(35) dim k ^(F(Am),k) = ^|Vj(C/,k)nim((5Xn)|- 

d>l 

Moreover, the characteristic polynomial of the algebraic monodromy is given by 

(36) A^)=n n (*-o. 

d>lC<Ek*:t N =l, 

C m evj(x,k) 

Particularly interesting is the case when all the multiplicities ran are equal to 1. In 
this situation, the polynomial Q(A) = Q(A, m) is the usual defining polynomial for the 
arrangement, and has degree n = \A\. Moreover, F(A) = F(A,m) is the usual Milnor 
fiber of A, corresponding to the "diagonal" homomorphism, b~ = b~A'- ^i{U{A)) -» Z n , 
which takes each meridian xu to 1. 

Example 6.5. Let A be the braid arrangement in C 3 , defined by the polynomial 
Q = (x 2 - y 2 )(x 2 - z 2 )(y 2 - z 2 ). The variety V 1 {A) C (C*) 6 has 4 local components 
of dimension 2, corresponding to 4 triple points in a generic section. Additionally, the 
rational map /: P 2 — » P 1 given by f{[x : y : z\) = [x 2 — y 2 : x 2 — z 2 ] restricts to a 
holomorphic fibration /: M(A) -> S 0|3 , where S , 3 = P 1 \ {[1 : 0], [0 : 1], [1 : 1]}. This 
yields an essential, 2-dimensional component in V l {A), corresponding to the multinet 
depicted in Figure 3, in which all multiplicities are equal to 1. 

Let F(A) be the Milnor fiber, defined by the diagonal character 5: tti(U(A)) — >• Zq, 
and let 1: Zg — > C* be an injective homomorphism. It is readily seen that (t o <5) 2 £ 
V\{U{A)), yet 1 o 5 ^ V\{U(A)). As a consequence, we recover the well-known fact 
that h(F(A)) = 7 and Af(t) = (t - l) 5 (i 2 + 1 + 1). 

It turns out that the hypothesis of Proposition 3.2 are satisfied for X = U(A) and 
q = l. Thus, A\(t) = Af (i), and 

A\j, A ^ s (u, x) = ui + (5ui + 2u 3 )x + (6ni + 2u 2 + 6u 3 + 4u 6 )x 2 , 



for all fields k of characteristic different from 2 or 3. Moreover, a Fox calculus compu- 
tation shows that, in fact, H\(F{A), Z) = Z 7 . 
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6.4. Domination by Milnor fibers. Not every regular, cyclic cover of a projective 
arrangement complement arises through the Milnor fiber construction. Nevertheless, 
it is not difficult to say which ones do. 

Lemma 6.6. Let (A,m) be a multiarrangement, and let U x —¥ U be a regular, Z^-fold 
cover ofU = FM(A), where N = YlHeA mH '• ^ uc ^ a cover is equivalent to the Milnor 
fiber F(A, m) if and only if, for some k relatively prime to N , the least strictly positive 
integers (j,h satisfying k ■ x( x h) = fJ-H mod iV have the property that YlueA ^ H = ^ > 
in which case /i = m. 

Proof. Recall that F(A,m) is the regular Z^y-cover of U given by the homomorphism 
5 : tti(U) -» Zat, xh ^ m-H mod N, and it has the property that J2h<=a mH = 

Let U x — > U be a cover given by a homomorphism x- 7r i(^ r ) ^N- Note that any 
of the homomorphisms {k ■ x- (k,N) = 1} determine the same cover. By Lemma 5.1, 
we have YIh&a x( x h) = in Zjv- So, given k relatively prime to N, if {m^HeA are 
positive integers for which mn = kx{xij) mod N, then iV | Y^H&A mH ' Thus, we see 
that A := k-x determines a cover which is a Milnor fiber if and only if N = Y^HeA m H' 
for some choice of k. This ends the proof. □ 

The Milnor fibers associated with a given arrangement dominate all other cyclic 
covers, in the following sense. 

Proposition 6.7. Let A be an arrangement, and let U x be a regular, r-fold cyclic 
cover of U = ¥M(A), given by a surjective homomorphism x- 7r i(^ r ) ~~ ^ 2 r . Then 
there exist infinitely many multiplicity vectors m for which the covering projection 
F(A,m) — > U factors through U x : 



Moreover, for any prime p not dividing r, we may choose m so that the degree of 
Q(A,m) is not divisible by p. 

Proof. Let n = \A\, and let c 6 Z" be given by ch = x( x h), for each H G A. Also, let 
S = {kc: (k,r) = 1}, let S C Z n denote the preimage of the set 5 under the quotient 
map pr: Z n -» Z™, and let 5>o = 5nM" be its intersection with the positive orthant. 

Consider any lattice point m € 5>o, and let iV = YlneA m H- Let 5{xh) = Tnjj mod 
N for all H E A. By Proposition 6.3 the cover II s is equivalent to F(A, m). Since 
pr(m) = c, by construction, the projection U s — » U factors through U x — > U. In 
fact, by Lemma 6.6, the set parameterizes all possible multiplicities m for which 
F(A, m) — > U factors through the given cover U x — > U. By covering space theory, the 
lift F(A, m) — > U x is also a regular cover. 

To prove the last assertion, recall that the degree of the polynomial Q(A, m) equals 
iV := ^# e _4 run ■ If, more generally, p is any integer relatively prime to r and p > 1, it 
follows from the Chinese Remainder Theorem that the set {m £ S: p\ N} is nonempty 



F(A, m) 



■>-U x 




U. 
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and closed under translation by the lattice (prZ) n . In particular, its intersection with 
the positive orthant must contain infinitely many points. □ 

In the case when all the multiplicities are 1, we can be more precise. As usual, 
let A be an arrangement, with defining polynomial Q = Y\h&a f H > ^ ^ = Q 1 ^) 
be the Milnor fiber, and let U = ¥M(A). From Proposition 6.3, we know that the 
cyclic cover F — > U is classified by the class 5 a 6 i? 1 (f/, Z n ), where n is the number 
of hyperplanes of A. Proposition 6.7 then simplifies to the following. 

Corollary 6.8. Let X'- 7ri(t/) T, r be a surjective homomorphism and let U x —> U 

be the corresponding cyclic cover. The Milnor fiber cover F — > U factors through U x 
if and only if r \ n, and x = k5^ mod r, for some integer k relatively prime to r. 

6.5. Torsion in the Milnor fiber of a multiarrangement. We are now ready to 
complete the proof of Theorem 1.6 from the Introduction. 

Theorem 6.9. Let A be hyperplane arrangement which admits a pointed multinet 
structure, with multiplicity vector m, and distinguished hyperplane H . Set A' = A\ 
{H}, and let p be a prime dividing mu- Then, there is a choice of multiplicities m! 
on A' such that the Milnor fiber of (A', m') has p-torsion in first homology. 

Proof. By Theorem 6.1, there exists an integer q, not divisible by p, and a g-fold cyclic 
cover Y — > U(A') for which Hi(Y,Z) has non-trivial p-torsion. 

By Proposition 6.7, there exists a choice of multiplicities m' € N n for which the 
Milnor fiber F(A',m') factors through Y, and p does not divide N' := YIhgA' m H- 
By Lemma 2.4, there is also p-torsion in H\(F(A! ,m'),Z). □ 

Remark 6.10. Since the choices of multiplicities m given by Proposition 6.7 are closed 
under translation by elements of the semigroup (prN) n , it should be clear that we may 
also choose the multiplicities ml in Theorem 6.9 to have m' K ^ 2 for each K € A', an 
additional technical condition we will require in §8. 

We conclude this section with a few examples to illustrate the range of applicability 
of Theorem 6.9. 

Example 6.11. Let A' be the deletion of the B3 arrangement from Examples 5.7 
and 6.2. Proceeding as above, let r = 3 and consider the cover given by X3 = 
(2, 1, 0, 0, 2, 2, 1, 1) € (Z3) 8 . Following the construction in the proof of Proposition 6.7, 
we may choose m! = (2, 1, 3, 3, 2, 2, 1, 1) as our positive integer lift of X3- Here N' = 15, 
and F(A',m') factors through the 3- fold cover indexed by X3- 

By Theorem 6.9, we see that there is 2-torsion in the first homology of F(A',m'). 
It is not hard to see that 15 is the least possible order of a Milnor fiber cover 
factoring through the given 3-fold cover. Explicit calculation shows that, in fact, 
Hi(F(A',m'),Z) = Z 7 eZ 2 eZ 2 and Af 2 (t) = (t - l) 7 (t 2 + t + 1). This, then, recovers 
and generalizes a computation from [CDS03]. 

As noted in Remark 6.10, we could also choose m' = (8, 1, 3, 3, 5, 5, 1, 1) as a lift of 
X3 to avoid the multiplicity 2; the group H%(F(A', m'), Z) stays the same. 
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Example 6.12. Now let p be an odd prime, and let A(p, 1,3) be the reflection ar- 
rangement of the full monomial complex reflection group. Let Q\ = x p {y p — z p ), 
Q2 = y p (x p — z p ) and Q3 = z p (x p — z p ): then Q1Q2Q3 is a defining polynomial for 
a multiarrangement (A(p, 1, 3), m). As observed in [FY07], this factorization gives 
(A(p, 1, 3), m) the structure of a multinet. 

Choosing H = {x = 0} as the distinguished hyperplane, it is straightforward to 
check that (A(p, 1, 3), m, H) is a pointed multinet. Let A' p = A(p, 1,3) \ {H}, and 
order the hyperplanes compatibly with an ordered factorization of yz{x p — y p ){x p — 
z p )(y p - z p ). Then pT k C V 1 ^,^), where 

V V V 

T h = {(t p ,t- p ,t-\...,t- 1 ,t,...,t,l,...,l):tek*} and 

p = (i,i,C 1 ,...,C\i,...,i,C,...,C), 

where £ is a primitive pth root of unity if p \ char(k), and C = 1 otherwise. Let q be 
any prime with q > p, and let 

V V V 

(37) rri = (p,q-p,'q - 1, .?.,<? - 1, 1, . . . , 1, q^~\~^q). 

Then N' = (2p + l)q is relatively prime to p, so the Milnor fiber cover F(A' p ,m') 
factors through a g-fold cyclic cover, and H\{F{A' pl m'), Z) has nonzero p-torsion. 
This generalizes Example 6.11, and again recovers a computation from [CDS03]. 

Remark 6.13. The only other multiarrangements known to us for which some mul- 
tiplicity is greater than 1 form another infinite family, introduced in [FY07, Exam- 
ple 4.10]. Again, these are corresponding multinets are pointed, and so have deletions 
with torsion in the first homology of suitable cyclic covers. It would be interesting to 
know of other examples. 



7. The parallel connection operad 

We now turn to parallel connections of matroids and arrangements. To help organize 
the constructions that follow, we note here that parallel connection can be viewed in 
terms of an operad. 

7.1. The parallel connection of pointed matroids. We start with a definition. 
We refer to the book of Markl, Shnider and Stasheff [MSS02], as well as the survey of 
Chapoton [Ch07] for its combinatorial point of view, and we also refer to [0x92, §7.1] 
for a general discussion of parallel connections. 

Definition 7.1. Let A4 denote the category whose objects are matroids and mor- 
phisms are simply isomorphisms. A pointed matroid is a pair (E,e), where £ is a 
matroid and e is a point in E which is not a loop. We will call e the basepoint of 
(E,e). 

Let A4 + denote the category of pointed matroids, whose morphisms are basepoint- 
preserving isomorphisms. Let A4 + (n) be the set of pointed matroids with n points, 
for n > 1. We will denote the pointed matroid with only one point by 1 = ({1},1). 
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Figure 4. The parallel connection pseudo-operad 

If Ei and E 2 are matroids containing points e±, e 2 , respectively, we will denote the 
parallel connection identifying e% and e 2 by £i ei || e E 2 . 

7.2. An operad structure. While it is natural to connect pointed matroids along 
their basepoints (as in [0x92]), we shall make use of a slightly less restrictive construc- 
tion. 

Definition 7.2. If (Ei,ei) are pointed matroids for i = 1, 2 and x € E%, let 

{E 1 ,e 1 )o x (E 2 ,e 2 ) = (£1 JL. 2 £ 2 , e x ). 
The construction is illustrated in Figure 4. 

We have obvious natural identifications \o\(E,e) = (E,e)o x l = (E,e) for any 
pointed matroid (E, e) and x £ E. Since the parallel connection operation is associa- 
tive, we observe: 

Proposition 7.3. The operations o x : M. + (m) U M. + {n) — > M. + (m + n — 1) define a 
symmetric operad of sets with unit 1 . 

7.3. A linear map. If (E, e) is a pointed matroid, let h{E, e) denote the free abelian 
group on the set of points E. If (Ei, ei) are pointed matroids for i = 1, 2 and x £ Ei, 
define a homomorphism 

(38) o x : ei) e 2 ) h{{E x , &1 ) o x (E 2 , e 2 )) 

by its action on the basis: 

{e ife^{x,e 2 }; 
E/eSi/ ife = e 2 . 

Let J 7 denote the category of free abelian groups on finite, pointed sets. Direct 
sum gives J- the structure of a symmetric, monoidal category. By inspecting the 
associativity axioms we see: 

Proposition 7.4. The homomorphisms o x from (38) define a symmetric operad on 
T , with unit id : J- — > T . 

We record the following easy observation for later use. Let h(E, e) denote the 
quotient of h(E, e) by the sum of the points of E. 
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Figure 5. Iterated parallel connections of pointed matroids 

Proposition 7.5. The homomorphism (38) descends to quotients, yielding an iso- 
morphism 

(40) o x :h(E 1 ,e 1 )®h(E 2 ,e 2 ) ^h{(E 1 ,e 1 )o x (E 2 ,e 2 )) . 

For an element v G h(E,e), let {vf}f<=E denote its coordinates. For i = 1,2 and 
Hi G h(Ei,a), it is convenient to choose representatives with coordinates {v\) x = 
and (v 2 ) e2 = 0. Then (39) simply says 



(41) (vio x v 2 ) e 




e if e G E\; 
e if e G E 2 . 



Proposition 7.6. The isomorphism 

(42) o* : h((E 1 ,e 1 )o x (E 2 ,e 2 ))* h{E u e x )* ® h{E 2 , e 2 ) 

is given for w G h((E l7 ei) o x (E 2 ,e 2 ))* by 

' w e fore^x,e 2 ; 



(43) (o*H) f 



^f£E 2 w f fore = x. 



Proof. We note that /i(S, e)* is the subgroup of ^(-B, e)* of functions vanishing on the 
sum of the points, so we dualize (39) and restrict. The claim follows by noting that 

We 2 -Ef£E 2 W f = E feEk W f ■ D 

Example 7.7. To illustrate, consider the iterated parallel connection in Figure 5. 
The image of a function with value 1 on all but the root is shown, under the iterated 
application of o* . In particular, let E\ = {1, 2, 3, 4} denote the uniform matroid drawn 
vertically on the right. Then the projection of the image to h(E±, 1)* gives the function 
w = ( — 6, 2, 1, 3) G h{E\, 1)*. 

7.4. Parallel connections of arrangements. Multiarrangements of hyperplanes 
are simply linear representations of matroids without loops. In this section, we analyze 
the effects of parallel connections on constructions such as the characteristic varieties 
of complex arrangement complements, introduced in §5.1. 
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Suppose A\ and A2 are central arrangements of hyperplanes in complex vector 
spaces V\ and V2, respectively, denned by polynomials Q\ = n#e.4i f H anc ^ Q 2 = 
n_ffe^ 2 9H~ ^ e assume here that Ai and A2 are simple arrangements. 

Definition 7.8. For a choice of hyperplanes H\ G A\ and H2 G A2, the parallel 
connection, A\ H \\ H A2, is the arrangement defined by the polynomial 

(44) f Hl -[ n f H ) ( n to 

\HeAi\iHx} J \HeA 2 \{H 2 } 
in the ring k\Vf] ® k k[V 2 *]/(f Hl - gn 2 ). 

This is an arrangement in the co dimension- 1 subspace of V x W consisting of the 
pairs (x,y) for which //^(x) = gH 2 {y)- Its underlying matroid is the parallel con- 
nection of those of A\ and A2- Figure 6 illustrates this construction: we first realize 
the matroids from Figure 4 by the braid arrangement and a pencil, perform a parallel 
connection, and then draw a generic planar slice. 

Let Mi and M2 denote the complements of A\ and A2, respectively. We will denote 
the complement of A\ jj-JI^ A2 by Mi Hl \\ H2 M2- 

Proposition 7.9 (cf. [EF99, FP02]). Choose hyperplanes Hi G Ai and H 2 G Ai- The 

rational map 

4>: P(V) x F(W) -> P(V x W) 

given by (f){[v\, [w]) = [(gH 2 (w)v, fHi( v ) w )] restricts to a diffeomorphism of hyperplane 
complements, 

(45) cb: P(Mi) x P(M 2 ) -> P(M lH J| H2 M 2 ), 
whose inverse is given by [(v,w)] *— > ([v], [w]). 

Proof. First, if v £ Mi and w G M 2 , then clearly 

(46) f Hl (9H 2 (w)v) = g H2 (f Hl (v)w). 

Since fH 1 (v)w / 0, the restriction of in (45) is well-defined and regular. It is easy 
to check that [(?;,u>)] 1— > ([i>], [w]) is also regular on the hyperplane complements, and 
it is inverse to 6. □ 
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We define pointed arrangements (A,H) just as in Definition 7.1. If (Ai,Hi) are 
pointed arrangements for i = 1,2 and H G A±, as in Definition 7.2 we let 

(47) (Ai,H 1 )o H (A 2 ,H 2 ) = (A lH \\ H2 A2,H x ). 

In the same way, for complements of pointed arrangements, let oh '■ P(Mi) x P(M 2 ) — > 
¥(Mi H \\ H2 M 2 ) denote the diffeomorphism (45). 

7.5. Induced map in first homology. Let (A, H) be a pointed arrangement, which 
we may also regard as a pointed matroid. Set n = \A\. Then, using the notation of 
§7.3, by Lemma 5.1, we have 

(48) h(A,H) = Hi(M(A),Z) = Z n and h(A, H) = H^PM, Z) ^ Z n /( ^ XR ) ' 

K&A 

Our next result states that the effect of parallel connection on abelianized funda- 
mental groups is described by the linear operad of Proposition 7.4. 

Proposition 7.10. Let (A\,H{) and (A 2 ,H 2 ) be pointed arrangements, and let Ui = 
PM(Ai). For any hyperplane H € A\, under the identification h(A,H) = H\{U,7L), 
the map Hx(o H ): H\{U\, Z) © #i(£/" 2 , Z) -> H 1 (U 1 o H U 2 ,Z) equals o H from (40). 

Proof. Let m = \Ai\ and T { = (C*) n */C* for i = 1,2, and set T = (C*)" 11 ^ 2 " 1 /C* . 
Consider the torus embeddings of (29): 

(49) J 

Ti x T 2 — ^ T 

By Lemma 5.1, the images of the vertical maps under H\{— ,Z) are isomorphisms, 
so it is sufficient to prove the claim for T\ x T 2 — > T. 

For a torus T, we may identify H\(T, Z) with the group of one-parameter subgroups 
X*(T) := Hom(C*,T). For points s £ Tj and t G T 2 , order coordinates so that Hi 
comes first in Ai, and without loss of generality, so that H is last in A±. Then the 
map T\ x T 2 — > T is given in coordinates by 

( (si , . . . , s ni ) , (t\ , . . . , t n2 )) i ^ (ii^i , . . . , t\ s ni — i , £i<s ni , t 2 s ni , t3S n _i , . . . , t n2 s n —\). 

This is a group homomorphism, and the identification Hx(T,Z) = X*(T) is functorial, 
so H\{oh) is the image of this monomial map under X*{— ). This, in turn, is readily 
seen to be given by the formula (40). □ 

7.6. Characteristic varieties of parallel connections. We continue to let Ui de- 
note the projective complement of a (pointed) arrangement (Ai, Hi) for i = 1, 2. Since 
U\ o H U 2 — U\ x U 2 by Proposition 7.10, we may express the characteristic varieties 
of the parallel connection complement by means of the product formula (2). That is, 

(50) V q {U lOH U 2 ,k) \JV(Ui,k) x V 9 - ,; ([/ 2 ,k), 

i=0 

under the restriction of the map o* H computed above. 
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Let V\ denote the arrangement of one point in C , and for n > 2, let V n denote 
a central arrangement of re lines L\, . . . ,L n in C 2 , with basepoint L\. The latter 
arrangements are realizations of the rank-2 uniform matroids. Write P n = P(M('P n )), 
and note that Pi = {point}, whereas P n = C \ {n — 1 points}, for n > 2. 

Parallel connections with the arrangements V n , for n > 3, will be building blocks 
in the polarization construction of §8. 

Proposition 7.11. Let YYl=i Frm—l ~^ be a surjective homomorphism indexing 
a regular cover of X = niLi-Pm^ where n > 1 and each m, > 3. If each restriction 
Xi ■ Fm.i-i is also surjective, and k is a field for which char(k) { N, then 

n n 

(51) A^ x (u, x) = ui H(l + { mi - l)x) + H(mi - 2) ^ <P(k)u k x n . 

i=l i=l l<fe|n 

Proof. Let p = (p\,...,p n ) G im(xk) be a non-trivial character. Since each Xi is 
surjective, the characters are also non-trivial. By formula (15), we have that 
Poin k (P mi , pi; x) = (rrii — 2)x. The conclusion then follows from the product formula 
of Proposition 2.10. □ 

Example 7.12. A special class of arrangements obtained by iterated parallel connec- 
tion was studied by Choudary, Dimca and Papadima in [CDP05] (see also [Willa] for 
recent work in this direction). Let (re, mi, . . . , m n ) be positive integers, and consider 
the pointed arrangement 

(52) A = V n Ll V mi °Li V m2 °Li ' ' ' °Li ^m„ • 

The intersection of A with a generic, affine plane consists of m\ + ■ ■ ■ +m n lines. The 
lines may be partitioned into n classes, for which the lines in each class are parallel, and 
two lines from different classes intersect at a double point. By applying formula (50) 
and Proposition 7.10 repeatedly, one may obtain a full description of the characteristic 
varieties V q (A, k), for all q > 0, thereby recovering a result from [CDP05]. 

8. The polarization of a multiarrangement 

In this section, we use a special type of iterated parallel connection, which we call 
polarization, to construct hyperplane arrangements for which the (usual) Milnor fiber 
has non-trivial torsion in homology. 

8.1. Iterated parallel connections. We saw in the previous section that the charac- 
ter groups of parallel connections are isomorphic to the character groups of the factor 
arrangements via a straightforward, yet nontrivial operadic isomorphism. Moreover, 
this isomorphism restricts to the respective characteristic varieties. 

Since the characteristic varieties of the line arrangements V n are positive dimen- 
sional for n > 3 but are simple in nature, we will iterate parallel connections of an 
arbitrary multiarrangement with a collection of line arrangements. In doing so, we 
can construct new arrangements whose characteristic varieties vary with the choice 
of multiplicities. By analogy with polarization for monomial ideals (see, for example, 
[MS05, §3.2]), we will call this the polarization of the multiarrangement. 
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Definition 8.1. The polarization of a multiarrangement (A,m), denoted by A \\ m, 
is the arrangement of N := ^2^ e _^rnH hyperplanes given by 

(53) A\\m = Ao Hl V mHi o H2 V mil2 °H 3 ■■ ■ °H n V mHn , 
if A = {Hi, . . . , H n } is the underlying simple arrangement. 

Note that rank(.4 || m) = n-2{A, m) + rank .4, where we let 

(54) n k (A,m) = \{H £ A: m H > k}\ 

Figure 5 shows the construction of the polarization (7-4, (3, 2, 1, 3)). Furthermore, note 
that V\ is the unit of the parallel connection operad, so the terms given by hyperplanes 
H with rriH = 1 could be omitted from the formula (53) without change. 

As observed in §7.4, the (projectivized) complement of a polarization splits as a 
product. Write P(A) = YIhgA^h- By Proposition 7.9, we have a homeomorphism 

(55) 9 : U(A) x P(A) — ^ U(A || m) . 

By Proposition 7.10, the isomorphism 0* is given in degree 1 by composing the 
relevant maps of type (40): 

(56) 6,: H 1 (U,Z)o Hl H 1 (P mi ,Z)o H2 ---o Hn H 1 (P mn ,Z)^H 1 (U(A\\m),Z). 

The twisted Poincare polynomial of the polarization is straightforward, using (15): 
for any p in the character torus of U(A \ \ m), 

(57) ' 

'Poin(U{A),p;x) ■ \\neA-. (m H - 2)t for p ^ 1; 

m H >2 

Pom(U(A),p; x) ■ YiHeA. (1 + {m H ~ l)t) for p = 1. 

mu >2 

By applying formula (50) repeatedly, we see that the characteristic varieties of a 
polarization A \ \ m can be obtained directly from the those of A. 

8.2. The Milnor fibration of a polarization. Our goal in this subsection is to 
relate the unreduced Milnor fiber F(A, m) associated with a multiarrangement (^4., m) 
with the (reduced) Milnor fiber F(A \\ m) of the simple arrangement A || m obtained 
by polarization. 

Let N = ^2HeA mH - Using the homeomorphism 9 of (55), we have a map 

(58) 9*: H^UiAWm),^) *■ H\U{A),1.n) ® H X [P(A),T. N ), 

dual to (56). For each H S A, we define a cohomology class en € H l (P mH , Zjy) in 
coordinates by 

(59) e H = (l-m H ,l,l,...,l), 

Recall from Proposition 6.3 that the cover F(A, m) — > U(A) is classified by the 
class 5^ m S H l (U(A), Zjy) given by 5j^ im {xH) = mH mod N for H £ A. Also recall 
that we write <5^ = 5^ )m when all multiplicities are equal to 1. 

Lemma 8.2. We have 9*(5_ / i L n m ) = (<5^ m ,e). 



Poin([7 (.4 || m), p; x) 
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Figure 7. An iterated application of o* 

Proof. We reduce our operadic isomorphism (42) from Proposition 7.6 modulo N. 
Since S^\\ m (xK) = 1 for all K 6 A \\ m, the projection of @*(o~A\\ m ) onto the summand 
H 1 (P mH ,Zf l f) agrees with e#, using the first two cases of the formula (43), for each 
H € A. 

Using the third case of formula (43), we have 

6*{$A\\m)&H)= 1 
LeVm H 

= m H , 

for each H G A, so the projection of 0*(d~A\\ m ) onto H (U, Zjy) equals <5_4, m . □ 

Example 8.3. Let A = V4, and consider the polarization (A,m) for m = (3,2, 1,3) 
shown in Figure 5. Reducing the coefficients modulo N = 9 in Figure 7 gives the 
coordinates of 9*{5^ m ) shown for each factor. 

Lemma 8.4. Let {A, m) be a multiarrangement, and let A \\ m be its polarization. We 
then have a pullback diagram between the respective Milnor covers, 

F(A, m) *-F{A\\m) 



U(A) — J -+U(A\\m), 

where j is the map given by choosing a base point in each space P mH , for H 6 A. 

Proof. Set N = J^HeA mH an< ^ B = A\\m. The cover F(A, m) — » U (A) is defined by 
the homomorphism 5^ m : H\{U{A),'L) -» Zjv, xh mjj, whereas the cover F(B) — > 
U{B) is defined by the homomorphism 8b- Hi(U(A'),Z) -» Zjv, described above. 

The map j* is simply the projection of 9* onto its first factor. Using Lemma 8.2, 
we see that j*(8s) = S^ m , and this completes the proof. □ 

8.3. Torsion in the homology of the Milnor fiber of a polarization. Recall from 
Theorem 6.9 that unreduced polynomials associated with certain multiarrangements 
give rise to torsion in the homology of their Milnor fibers. We now use the polarization 
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construction to replace multiarrangements with (larger) simple arrangements having 
the same property, thus completing the proof of Theorem 1.7 from the Introduction. 

Theorem 8.5. Suppose A admits a pointed multinet structure, with multiplicity vector 
m, and distinguished hyperplane H. Set A' = A \ {H}, and let p be a prime dividing 
mn- Then, there is a choice of multiplicities m! on A' such that the Milnor fiber of 
the polarization B = A ' \\m has p-torsion in homology, in degree 1 + n^(A', ml). 

Proof. By Theorem 6.9, there exists a choice of multiplicities m! on A' such that 
H\{F(A' , m'), Z) has p-torsion. Set U = U(A') and 5 = b~A',m>- Then, the coefficient 
of x in A}y s (u, x) — s (u, x) is strictly positive, provided char(k) = p. 

As noted in Remark 6.10, we may assume additionally that each m' H ^ 2. Form 
the polarization B = A' \\ m', and let P{A') = Pk- By Lemmas 8.2 and 8.4, 

the Milnor fiber F(A',m') is the pullback of F(B) along the map j : U(A') -> U(B), 
and (6*)(6b) = (5, e), where e is given by (59). 

Let N' = YIkeA' m> K an< ^ n 3 = n^{A! ,m'). By construction, €k lifts to a surjective 
homomorphism F m ^_ 1 -» Zjy'- Thus, by Proposition 7.11, 

(60) A P(A'),e (u, x) = J] (1 + (m' K - l)x) + cx ni , 

K&A' 

where c is a (strictly positive) multiple of Xa<fc|jV' < ^ ) (^)' u fc- Then, by the product 
formula of Proposition 2.10, the coefficient of x 1+n3 in 5g (u, x) — A|l s (u, x) is also 
strictly positive: that is, Hi +n3 (F(B),Z) hasp-torsion. □ 

Example 8.6. We recall the deleted B3-arrangement A' from Examples 5.7 and 6.11. 
By Theorem 8.5, there exists a polarization A' \\ m! for which F(A' || m!) has 2-torsion 
in homology. As in Example 6.11, the choice m! = (8, 1, 3, 3, 5, 5, 1, 1) € Z 8 avoids the 
multiplicity 2. 

Let B = A' |j m', an arrangement of 27 hyperplanes in C 8 , with defining polynomial 

(61) Q = xy(x 2 — y 2 )(x 2 — z 2 )(y 2 — z 2 )w\W2W^w^w^- 

{x 2 - wl){x 2 - 2wf)(x 2 - 3wl)(x - 4u>i)((x - y) 2 - w 2 2 ){{x + y) 2 - w 2 )- 
{{x - z) 2 - wl)((x - z) 2 - 2wl)((x + z) 2 - w\){(x + z) 2 - 2w 2 5 ). 

Then Pom(U{B),x) = (1 + 7x + 12x 2 ){l + 7x)(l + 2x) 2 (l + Ax) 2 , and n 3 = 5. Let 
k = F2. As we saw in Example 6.11, we have Aj^, ^(u, x) — A^, s (u, x) = 2u%x. Hence, 

A| i5g (u,x) - Ag j<5e (u,x) = u * x - Pom c (P(A'),p;x) 

pGim(5 c ), |p|=3 

= 2u 3 H (m' K - 2)x 6 , 

K&A': m' K >3 
= W8U3X 6 , 

by Proposition 2.10. That is, Hq(F(B),Z) has 2-torsion of rank 108, which appears 
over k as an extra factor of (1 + t + t 2 ) 54 in the characteristic polynomial of the 
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Figure 8. A planar section of A' ||(8, 1, 3,3, 5,5, 1, 1) 

monodromy operator. In fact, Ag(i) = (t — l) 11968 (i 2 + t + l) 54 , using the Poincare 
polynomial above to compute the multiplicity of the trivial representation. 

Remark 8.7. We note that the deleted B3 arrangement A' is fiber-type, and thus 
the (projectivized) complement of B = A' \\ m! is a K(ir, 1) space. By the Hamm-Le 
Theorem, the group n is also the fundamental group of the arrangement of 27 lines in 
P 2 depicted in Figure 8. Furthermore, the Milnor fiber of B is a K(G, 1) space, where 
G denotes the kernel of the "diagonal" homomorphism ir — > Z27. 

We have shown that H^(G,Z) has 2-torsion. In principle, this could be verified by 
finding a presentation for the group G, and then computing a free ZG-resolution of 
Z. However, we would be unable to predict the existence of such an example, or carry 
out the computations without the tools presented here. 

Since there are families of pointed multinets with arbitrary multiplicity on the dis- 
tinguished hyperplane (Example 6.12), the same polarization argument gives examples 
for all primes. 

Corollary 8.8. For every prime p > 2, there exists an arrangement B p such that 
H2p+3(F (Bp) , Z) has non-trivial p-torsion. 

Example 8.9. Fix an odd prime p, and consider the deleted monomial arrangement 
AL from Example 6.12. Let q be a prime with q — p > 2. Then the multiplicity vector 
(37) avoids the multiplicity 2, so we may polarize AL with the multiplicities 

m' = (p, q - p, q - 1, . . . , q - 1, 1, . . . , 1, q, . . . , q) 

given in (37). Here, B p = A p \\ m' is an arrangement of (2p + l)q hyperplanes, and 
n2 = 113 = 2p + 2, so the arrangement has rank 2p + 5. Then H2 P +3(F(B P ),Z) has 
nonzero p-torsion cycles. Over ¥ p , these cycles are the span of order-g monodromy 
eigenvectors. 
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This finishes the proof of Theorem 1.1 from the Introduction. 
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